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Barbieri, Riccardo, Eric C. Matten, AbdulRasheed A. Alabi,
and Emery N. Brown. A point-process model of human heartbeat
intervals: new definitions of heart rate and heart rate variability. Am J
Physiol Heart Circ Physiol 288: H424–H435, 2005. First published
September 16, 2004; 10.1152/ajpheart.00482.2003.—Heart rate is a
vital sign, whereas heart rate variability is an important quantitative
measure of cardiovascular regulation by the autonomic nervous sys-
tem. Although the design of algorithms to compute heart rate and
assess heart rate variability is an active area of research, none of the
approaches considers the natural point-process structure of human
heartbeats, and none gives instantaneous estimates of heart rate
variability. We model the stochastic structure of heartbeat intervals as
a history-dependent inverse Gaussian process and derive from it an
explicit probability density that gives new definitions of heart rate and
heart rate variability: instantaneous R-R interval and heart rate stan-
dard deviations. We estimate the time-varying parameters of the
inverse Gaussian model by local maximum likelihood and assess
model goodness-of-fit by Kolmogorov-Smirnov tests based on the
time-rescaling theorem. We illustrate our new definitions in an anal-
ysis of human heartbeat intervals from 10 healthy subjects undergoing
a tilt-table experiment. Although several studies have identified de-
terministic, nonlinear dynamical features in human heartbeat inter-
vals, our analysis shows that a highly accurate description of these
series at rest and in extreme physiological conditions may be given by
an elementary, physiologically based, stochastic model.

tilt table; inverse Gaussian; time-rescaling theorem; Kolmogorov-
Smirnov test; autonomic regulation

HEART RATE IS A VITAL moment-to-moment indicator of cardio-
vascular integrity measured on every physical examination.
Heart rate is also monitored continuously in patients under
anesthesia during surgery and in those treated in an intensive
care unit, as well as in fetuses during labor. Heart rate vari-
ability is an important quantitative marker of cardiovascular
regulation by the autonomic nervous system. Its significance
was first appreciated over 40 years ago, when it was discovered
that fetal distress is associated with appreciable changes in
heart rate variability before any change in heart rate (27).
Physicians routinely use Holter monitor studies, i.e., 24–72 h
of continuous electrocardiography, in which heart rate variabil-
ity is assessed to diagnose diseases that affect the autonomic
nervous system, follow their progression, and measure the
efficacy of therapy. Such diseases include diabetes, Guillain-
Barre syndrome, multiple sclerosis, Parkinson’s disease, and
Shy-Drager orthostatic hypotension (17, 19, 32, 38). Loss of

heart rate variability is an independent predictor of mortality
after an acute myocardial infarction (6, 33, 35), is indicative of
ventricular dysfunction in patients with congestive heart failure
(41, 42), and is associated with fetal distress during labor (20).

Heart rate is traditionally estimated as the number of R-wave
events (heartbeats) per unit time on the electrocardiogram
(ECG) or as the average of the R-R interval reciprocals within
a specified time window. Several approaches are used to
characterize heart rate variability: elementary statistical mea-
sures of R-R interval properties (51), spectral analysis of heart
rate or R-R interval time series (1, 3–5, 12, 38, 44, 51),
deterministic dynamical systems assessments of heart rate
signal properties (28, 29, 41, 49), and approximate entropy
measures of R-R interval regularity (40).

Three issues in these approaches used to characterize heart
rate variability have yet to be addressed. 1) All methods treat
the R-R interval or heart rate series as continuous-valued
signals, rather than model them to reflect the point-process
structure of the underlying R-wave events. That is, the R-wave
events, which mark the electrical impulses from the heart’s
conduction system that represent ventricular contractions, are a
sequence of discrete occurrences in continuous time and, as
such, form a point process. 2) None of the approaches assesses
model goodness-of-fit, i.e., how well a given model describes
the observed R-R interval series as part of its standard analysis
framework. 3) None of the approaches provides instantaneous
estimates of heart rate variance and R-R interval variance to
accompany instantaneous estimates of heart rate and mean R-R
interval (heart period). The Task Force of the European Society
of Cardiology and the North American Society of Pacing and
Electrophysiology (51) stated that “the present possibilities of
characterizing and quantifying the dynamics of the R-R inter-
val sequence and transient changes in [heart rate variability]
are sparse and still under mathematical development.” It pre-
dicted that “proper assessment of [heart rate variability] dy-
namics will lead to substantial improvement in our understand-
ing of both the modulations of heart period and their physio-
logical and pathophysiological correlates.”

To address these three issues, we model human heartbeat
intervals as a history-dependent inverse Gaussian (HDIG)
point process and derive from it an explicit probability density
that yields new definitions of heart rate and heart rate variabil-
ity. We estimate the time-varying parameters of the inverse
Gaussian model by local maximum likelihood, assess model
goodness-of-fit by Kolmogorov-Smirnov (KS) tests derived
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from the time-rescaling theorem, and use a local likelihood
version of Akaike’s information criterion (AIC) to guide model
selection. We compare our new definitions of heart rate and
heart rate variability with current methods in a study of ECG
recordings from 10 healthy subjects during a tilt-table experi-
ment.

THEORY AND METHODS

Physiology of R-wave events. Our objective is to arrive at
precise probabilistic definitions of heart rate and heart rate
variability. We begin the derivation of our heartbeat probabil-
ity model by reviewing the physiology of the R-wave events.
We assume that, in an observation interval (0,T], we record
0 � u1 � u2 �, . . . , � uk �, . . . , � uK � T, K successive
R-wave event times from an ECG. As stated above, the R-R
intervals are the times between two successive R-wave events.

Each R-wave event is initiated by the synchronous depolar-
ization of the heart’s pacemaker cells beginning in the sino-
atrial (SA) node of the right atrium and then propagating
through its specialized conduction system to the left atrium and
to the two ventricles (22). In a manner similar to that whereby
a nerve cell generates an action potential, the synchronous
depolarization is accomplished everywhere along the conduc-
tion. After every depolarization, the transmembrane potentials
of these cells return to their resting potentials and begin anew
their spontaneous rise toward threshold (22).

The start of this rise marks the start of the waiting time until
the next depolarization. The rise of the membrane potential to
threshold has been modeled as a Gaussian random walk with
drift (47). The probability density of the first passage times for
this random-walk process, i.e., the times between threshold
crossings (R-R intervals), is well known to be the inverse
Gaussian (47, 55). If, as a first approximation, the generation of
normal heartbeats (R-wave events) is assumed to be unrelated
to any previous or future heartbeat and the membrane potential
rise to threshold is modeled as a Gaussian random walk with
drift, then the series of elapsed times between beats (the R-R
intervals) can be modeled as independent, inverse Gaussian
random variables (43).

Independence of the R-R intervals would be a reasonable
assumption if the effects of sympathetic and parasympathetic
inputs from the autonomic nervous system to the SA node were
absent or short-lived. However, although these inputs can
occur in milliseconds, their effects can last for several seconds.
Consequently, an isolated increase in sympathetic input to the
SA node may produce shorter R-R intervals, whereas an
isolated increase in parasympathetic input may produce longer
R-R intervals, for a time. The duration of the increase or
decrease in the R-R intervals depends on the cause of the
change in parasympathetic and/or sympathetic input, as well as
the response of the other components of the cardiovascular
control circuitry. In any case, because the effects of these
inputs to the SA node persist for several seconds, R-R interval
lengths are not independent but, rather, are a function of the
recent history of these inputs. Furthermore, because the sym-
pathetic and parasympathetic inputs to the SA node are part of
the cardiovascular control circuitry, these inputs are dynamic.
That is, they are always changing and, thus, are continuously
altering the propensity of the SA node to initiate heartbeats to

maintain homeostasis in physiological and pathological condi-
tions. Therefore, given the effect of the recent history of
autonomic inputs to the SA node, our model must take into
account the dynamic character of these inputs.

Heart rate probability model. We assume that, given any
R-wave event uk, the waiting time until the next R-wave event
or, equivalently, the length of the next R-R interval, obeys an
HDIG probability density f(t�Huk

,�), where t is any time satis-
fying t � uk, Huk

is the history of the R-R intervals up to uk, and
� is a vector of model parameters. The model is defined as

f �t|Huk
,��

� � �p�1

2��t � uk�
3�

1
2

exp�� 1

2

�p�1�t � uk � 	�Huk
,��
2

	�Huk
,��2�t � uk�

� ,

(1)

where Huk
� (uk,wk,wk�1,. . .,wk�p�1), wk � uk � uk � 1 is the

kth R-R interval, 	(Huk
�) � �0 � ¥j�1

p �jwk�j�1 � 0 is the
mean, �p � 1 � 0 is the scale parameter, and � �
(�0,�1,. . .,�p � 1). This model represents the dependence of the
R-R interval length on the recent history of parasympathetic
and sympathetic inputs to the SA node by modeling the mean
as a linear function of the last p R-R intervals. If we assume
that the R-R intervals are independent (i.e., p � 0), then
	(Huk

,�) � �0, f(t�Huk
,�) � f(t�uk,�0,�1), and Eq. 1 simplifies to

a renewal inverse Gaussian (RIG) model. The mean and
standard deviation of the R-R probability model in Eq. 1 are

	RR � 	�Huk
,�� (2)

RR � �	�Huk
,��3�p�1

�1 

1
2 , (3)

respectively.
Because our probability density in Eq. 1 characterizes the

stochastic properties of the R-R intervals, we use it to formu-
late precise definitions of heart rate and heart rate variability.
Heart rate is often defined as the reciprocal of the R-R intervals
(51). Hence, for any t � uk, t � uk is the waiting time until the
next R-wave event, and we define r � c(t � uk)�1 as the heart
rate random variable, where c � 6 � 104 ms/min is the
constant that converts the R-R interval measurements recorded
in milliseconds to heart rate measurements in beats per minute.
Therefore, because r is a one-to-one transformation of t � uk,
we use the standard change-of-variables formula from elemen-
tary probability theory (43) and derive from the R-R interval
probability density in Eq. 1, f(r�Huk

,�), the heart rate probability
density defined as

f�r|Huk
,�� � � dt

dr� f �t|Huk
,��

� ��p�1
*

2�r
�

1
2

exp�� 1

2

�p�1
* �1 � 	*�Huk

,��r
2

	*�Huk
,��2r � ,

(4)

where 	*(Huk
,�) � c�1	(Huk

,�) and �*p � 1 � c�1�p � 1. The
mean, mode, and standard deviation of the heart rate (HR)
probability density are, respectively,

	HR � 	*�Huk
,���1 � �p�1

*�1 (5)
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Equation 4 defines the stochastic properties of heart rate in
terms of a probability density. If p � 0, then Eq. 4 gives the
simple reciprocal of the inverse Gaussian probability den-
sity (13). To use Eq. 4 in analyses of R-R interval time
series, heart rate should be a representative value from the
heart rate probability density. Therefore, we define heart
rate as the mean (Eq. 5) or the mode (Eq. 6) of f(r�Huk

,�), and
the heart rate variance as the square of the standard devia-
tion (Eq. 7). Equations 3 and 7 are important steps in
constructing the estimates of heart rate variability, because
they make explicit the relation between R-R interval vari-
ance and heart rate variance. We will use Eqs. 3 and 7 to
construct our indexes of heart rate variability in Local
maximum-likelihood estimation of instantaneous heart rate
and heart rate variability.

To summarize, f(t�Huk
,�) (Eq. 1) is a probability model for

the R-R intervals that represents the effects of recent sympa-
thetic and parasympathetic input to the SA node (history
dependence) through its mean parameter, 	(Huk

,�). Through
the standard change of variables, the R-R interval probability
model is transformed into the heart rate probability density,
f(r�Huk

,�) (Eq. 4). To account for the continuous dynamics of
the sympathetic and parasympathetic inputs to the SA node, we
assume that the model parameter � is time varying. Hence, by
tracking the time course of � and continuously evaluating Eqs.
5 and 7 as � evolves, we can track instantaneous heart rate and
heart rate standard deviation, respectively.

Local maximum-likelihood estimation of instantaneous
heart rate and heart rate variability. We use a local maximum-
likelihood procedure to estimate the time-varying parameter �
(34, 53). For the ECG recording period (0,T], let l be the length
of the local likelihood observation interval for t � [l, T], and let
� define how much the local likelihood time interval is shifted
to compute the next parameter update. Let tl be the local
likelihood interval (t � l,t], and assume that, within tl, we
observe nt R-wave event times t � l � u1 � u2 �,. . .,� unt

�
t. We let ut � l:t � (u1,. . .,unt

). If � is time varying, then at time
t we define the local maximum-likelihood estimate �̂t to be the
maximum-likelihood estimate of � on tl.

To compute the local maximum-likelihood estimate of �, we
first define the local joint probability density of ut � l:t. If we
condition on the p R-R intervals preceding each R-wave event
in ut � l:t, then the local observation interval tl induces right
censoring of the R-R interval measurements, because the nt �
1st interval is not completely observed. If we take into account
the right censoring, the local log likelihood is

log f �ut�l:t |�t)��
i�2

nt

w(t�ui) log f �ui � ui�1 |Hui�1
,�t�

� w�t � unt
� log �

t�unt

�

f �v |Hunt
,�t� dv,

(8)

where w(t) is a weighting function for the local likelihood
estimation (34). We chose w(t � u) � e��(t � u), where � is a
weighting time constant that governs the degree of influence of
a previous observation u on the local likelihood at time t.
Increasing � decreases the influence of a previous observation
on the local likelihood and vice versa. Our method for choos-
ing the value of � is described in RESULTS.

We use a Newton-Raphson procedure to maximize the local
log likelihood in Eq. 8 and compute the local maximum-
likelihood estimate of �t (34). Because there is significant
overlap between adjacent local likelihood intervals, we start
the Newton-Raphson procedure at t with the previous local
maximum-likelihood estimate at time t � �. Once �̂t is com-
puted, the interval tl is shifted to (t � l � �,t � �], and the
local maximum-likelihood estimation is repeated. The proce-
dure is continued until t � T.

Given �̂t, the local maximum-likelihood estimate of � at time
t, it follows from Eqs. 5 and 7 that the instantaneous estimates
of mean R-R, R-R interval standard deviation, mean heart rate,
and heart rate standard deviation at time t are

	̂RRt
� 	�Ht,�̂t� (9)

̂RRt
� �	�Ht,�̂t�

3�̂p�1,t
�1 


1
2 (10)

	̂HRt
� 	*t �Ht,�̂t�

�1 � �̂*p�1,t
�1 (11)

̂HRt
� �2	*t �Ht,�̂t� � �̂*p�1,t

	*t �Ht,�̂t��̂*p�1,t
2 �

1
2

, (12)

respectively.
A key feature of our analysis framework is that we can

estimate mean R-R interval (Eq. 9), R-R interval standard
deviation (Eq. 10), heart rate (Eq. 11), and heart rate standard
deviation (Eq. 12) in continuous time. This is because the
HDIG model is defined in continuous time; hence, the heart
rate probability model is as well. For any t � (l,T], the local
likelihood procedure uses all data in the local likelihood
interval (t � l,t] to compute �̂t. If t � unt

, the contribution to the
local likelihood is log f (unt

� unt�1�Hunt
,�t), and if t � unt

and
the last interval is censored, then the contribution to the local
likelihood is log �t�unt

� f (v�Hunt
,�t)dv. Whether the last interval is

completely observed or censored, it is used in the estimation.
This means that the local likelihood function is defined at t, the
right end point of the observation interval and the point where
the local maximum-likelihood estimate is to be computed.
Therefore, because � can be estimated in continuous time, all
the indexes in Eqs. 9–12 can be computed in continuous time,
because all are continuous functions of �t. Equations 9 and 11
are our estimates of the instantaneous mean R-R interval and
heart rate, respectively. Equations 10 and 12 are our estimates
of instantaneous R-R interval standard deviation and heart rate
standard deviation, respectively. We designate Eqs. 10 and 12
our indexes of heart rate variability.

Assessing model goodness-of-fit and choosing the model
order and local likelihood interval length. Our R-R interval
probability model, together with the local maximum-likelihood
method, provides an approach for estimating instantaneous
mean R-R interval, heart rate, R-R interval standard deviation,
and heart rate standard deviation from a time series of R-R
intervals. For this approach, it is also necessary to evaluate
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model goodness-of-fit, i.e., to determine how well the model
describes the series of R-R intervals. Because Eq. 1 defines an
explicit point-process model, we can use the time-rescaling
theorem (2, 10, 37) to evaluate model goodness-of-fit. To do
this, we compute the time-rescaled, or transformed, R-R inter-
vals defined by

�k � �
uk�1

uk

��t|Ht,�̂t� dt, (13)

where the uk values (the R-wave event times) represent a point
process observed in (0,T) and �(t�Ht,�̂t) is the conditional
intensity function defined as

��t|Ht,�̂t� � f �t|Ht,�̂t��1 � �
unt

t

f ��|Hv,�̂v� dv��1

, (14)

evaluated at the local maximum-likelihood estimate �̂t. The
conditional intensity is the history-dependent rate function for
a point process that generalizes the rate function for a Poisson
process. By the time-rescaling theorem, the �k values are
independent, exponential random variables with a unit rate (2,
10, 37). Under the further transformation zk � 1 � exp(��k),
the zk values are independent, uniform random variables on the
interval (0,1]. Therefore, we can construct a KS test to assess
agreement between the zk values and the uniform probability
density (2, 10, 37). Because the transformation from the uk

values to the zk values is one-to-one, close agreement between
the zk values and the uniform probability density is true if, and
only if, there is close agreement between the point-process
probability model and the series of R-R intervals. Hence, the
time-rescaling theorem provides a direct means of measuring
agreement between a point-process probability model and an
R-R interval series.

We compute the KS test in terms of the KS plot or the KS
distance. The KS plots are constructed and analyzed as de-
scribed previously (2, 10, 37). The KS distance measures the
largest distance between the cumulative distribution function
of the R-R intervals transformed to the interval (0,1] and the
cumulative distribution function of a uniform distribution on
(0,1]. The smaller the KS distance, the closer is the agreement
between the original heartbeat interval time series and the
proposed model.

Under the time-rescaling theorem, the R-R intervals should
be transformed to �k values, which are independent, regardless
of the degree of dependence in the original R-R intervals.
Although it is difficult to measure independence in a time
series, if the �k values are independent, then they should at least
be uncorrelated. Therefore, as a further assessment of model
goodness-of-fit, we plot �k vs. �k � 1 for each model. The more
unstructured the plot of �k vs. �k � 1, the less the correlation
and, hence, the more consistent the �k values are with being
independent. To assess further the correlation structure and,
hence, possible dependence in the �k values that may be present
beyond first order, we plot the serial correlation function of the
�k values for each subject for 60 lags (�1 min). Small values
of the serial correlation function at all lags would suggest that
the �k values are uncorrelated and would be consistent with
their being independent. Approximate independence of these
transformed intervals would suggest that the proposed model
was highly consistent with the heartbeat interval series.

To conduct our local maximum-likelihood analysis, we set
p, the order of the history dependence in Eq. 1, and l, the length
of the local likelihood interval. To help choose these two
parameters, we computed the approximate AIC for local max-
imum-likelihood analyses (34).

Tilt-table protocol. We illustrate our methods in a study of
the R-R interval time series recorded from 10 healthy subjects
in whom cardiovascular and autonomic regulation were studied
using a tilt-table protocol (Fig. 1) (25). In a tilt-table study, a
subject is first placed horizontally in a supine position, with
restraints used to secure him/her at the waist, arms, and hands.
The legs are not secured. The subject is then tilted from the
horizontal to the vertical position and returned to the horizontal
position. The wide range of changes in autonomic input to the
heart induced by varying the speed and duration of the postural
changes induces a wide range of changes in the R-R intervals
and, thereby, makes the tilt-table protocol an excellent para-
digm for testing the ability of our new algorithm to track R-R
interval and heart rate dynamics.

The study was conducted at the Massachusetts Institute of
Technology (MIT) General Clinical Research Center (GCRC)
and was approved by the MIT Institutional Review Board and
the GCRC Scientific Advisory Committee. The subjects were
five men and five women: age (mean � SD) 28.7 � 1.2 yr,
height 172.8 � 4.0 cm and weight 70.6 � 4.5 kg. The protocol
began with each subject lying supine for 5 min; then each

Fig. 1. R-R interval time series from subjects 1–10 in a tilt-table study plotted
as a function of time at which each interval was initiated. Study consisted of
an initial 5 min of baseline recordings and 3 types of postural changes: rapid
up-down tilt, slow up-down tilt, and standing upright and lying supine. Each
postural change was repeated twice. Sequence of tilts was performed in
random order for each subject. #,*Subjects whose analyses are described in
RESULTS (Figs. 5 and 6, respectively).
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subject underwent three types of up-down pairs. The tilt pairs
were the following: rapid up tilt, in which the subject was
moved from horizontal to vertical in �3 s with a rapid down
tilt, in which the subject was moved from vertical to horizontal
in �3 s; slow up tilt, in which the subject was moved from
horizontal to vertical in �1 min with a slow down tilt, in which
the subject was moved from vertical to horizontal in �1 min;
and standing upright, in which the subject stood up immedi-
ately supporting his/her own weight with lying supine, in
which the subject lay supine immediately from standing sup-
porting his/her own weight. The subject remained in each tilt
state for 3 min, and each tilt pair (rapid up-down, slow
up-down, and stand up-lie supine) was repeated twice. The
order of the tilt pairs was chosen at random for each subject.
The protocol lasted 55–75 min (3,300–4,500 s). A single-lead
ECG was continuously recorded for each subject during the
study, and the R-R intervals were extracted using a curve
length-based QRS detection algorithm (58).

RESULTS

We performed our analysis in four parts. 1) We determined
which HDIG models best described the heartbeat interval time
series of the 10 tilt-table subjects in function of the order of the
autoregression p, the local likelihood interval l, and the weight-
ing coefficient �. 2) We compared the fits of the best HDIG
models with those of a local average (LA) model and an RIG
model using goodness-of-fit assessments based on the time-
rescaling theorem. 3) We illustrated the use of our indexes of
heart rate variability to characterize the dynamic properties of
heartbeat intervals in the 10 tilt-table study subjects. 4) We
compared standard time domain measures of heart rate vari-
ability with our indexes of heart rate variability, and we
compared spectral measures of heart rate variability computed
from standard interpolated heart rate estimates with these
spectral measures computed from our HDIG estimates of heart
rate.

The R-R interval series for the 10 subjects during the tilt
protocols showed a broad range of patterns (Fig. 1). The R-R
intervals shortened with tilt periods and lengthened with rest
periods, making these periods readily apparent in the R-R
interval series of subjects 1, 2, 5, 7, and 10. In contrast, subjects
3, 4, 6, and 8 showed minimal changes in R-R intervals across
all tilt and rest periods. Subjects 2 and 9 had a wide range of
R-R interval lengths in the tilt and rest periods. Although in the
heartbeat interval series of subject 2 the tilt and rest periods
were apparent in the R-R interval series, they were not appar-
ent in the R-R interval series of subject 9.

Model selection and model goodness-of-fit. To help choose a
model order p, a local likelihood interval l, and the weighting
function time constant �, we fit the HDIG model with orders
p � 2, 4, 6, 8, 10, and 12, l � 15–180 s in increments of 15 s,
and weighting coefficients � � 0, 0.01, 0.02, 0.05, and 0.1 to
the R-R interval time series for all 10 subjects with the shift
parameter � � 5 ms. The AIC and KS plots from this
preliminary analysis suggested that p � 2 for subjects 2 and 7,
p � 4 for the remaining eight subjects, l � 60 s, and � � 0.01.

For each subject, we compared the fit of the HDIG model
with the fit of the RIG model (p � 0, l � 60) and also with
heart rate estimates computed as the average of the inverse of

the R-R intervals in the same 60-s local likelihood interval. We
designated the latter the LA model.

To compare for each subject the fit of the best HDIG model
with the RIG and LA models, we applied the KS test, based on
the time-rescaling theorem, using the conditional intensity
functions estimated for each of the three models (Table 1). For
all 10 subjects, the LA model was in poor agreement with the
data in terms of KS distance (Table 1). For all subjects, the RIG
model showed a substantial improvement (smaller KS dis-
tance) compared with the LA model, and for subjects 7–9, the
RIG model KS distances were close to those of the best HDIG
fits. The HDIG model had the smallest KS distances for all 10
subjects. For subjects 3–5, the HDIG fits were nearly perfect,
in that the KS distances were within the 95% confidence
bounds (Fig. 2).

Figure 2 illustrates the range of KS plots obtained from the
fits of the three models to the heartbeat interval series of the 10
subjects. These include an example of the best HDIG fit (Fig.
2A), the best improvement of an HDIG model fit relative to an
RIG model fit (Fig. 2B), the best RIG fit (Fig. 2C), and the
worst HDIG fit (Fig. 2D). The KS distances (Table 1) can be
seen in these plots by computing for each model the maximum
vertical distance between the KS plot curve for each model and
the 45° line (Fig. 2, thin black diagonal line). As suggested by
the KS distances (Table 1), the LA model gave the poorest fits
to the heartbeat interval series, inasmuch as their KS plots (Fig.
2D) showed near-maximal deviation from the 45° lines, which
correspond to an exact fit. With the exception of subject 7 (Fig.
2C), for whom the agreement with the data was excellent, the
KS plots for the RIG model (Fig. 2) lie above the 95%
confidence bounds for lower quantiles and below the 95%
confidence bounds for upper quantiles.

In contrast, the KS plots of the HDIG model (Fig. 2, bold
solid curves) were entirely within the 95% confidence bounds
for subjects 4 and 5 (Fig. 2B), just above the upper 95% bounds
for the 0.50–0.70 quantile for subject 7, and below the 95%
confidence bounds for lower quantiles for subject 2 (Fig. 2D).
The KS plot of subject 3 resembled those of subjects 4 and 5,
whereas those of subjects 1, 6, 8, 9, and 10 resembled that of
subject 7.

Table 1. Summary of KS distances for LA,
RIG, and HDIG models

Subject
No.

KS Distance

LA RIG HDIG

1 0.3955 0.0423 0.0205
2 0.3302 0.0586 0.0385
3 0.3932 0.0327 0.0136*
4 0.4002 0.0421 0.0116*
5 0.3862 0.0468 0.0161*
6 0.3876 0.0343 0.0210
7 0.3865 0.0262 0.0256
8 0.4109 0.0297 0.0234
9 0.3795 0.0244 0.0233

10 0.3874 0.0425 0.0234

KS distances between transformed R-R intervals under local average (LA),
renewal inverse Gaussian (RIG), and history-dependent inverse Gaussian
(HDIG) models and uniform probability density on interval (0,1]. The smaller
the KS distance, the closer the agreement between the model and the original
R-R interval series. *Models for which there was perfect agreement between
model fit and R-R interval series by KS plot 95% confidence intervals.
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By the time-rescaling theorem, the KS plot analyses suggest
that the �k values, transformed heartbeat intervals from the
HDIG model, are consistent with an exponential probability
density with mean waiting time of 1 or equivalently, the zk

values are consistent with a uniform probability density on the
interval (0,1] (see THEORY AND METHODS). However, in addition,
if this model describes the data accurately, then by the time-
rescaling theorem, these transformed intervals should also be
independent. Hence, a plot of �k vs. �k � 1 for the best-fitting
model should be uncorrelated, and its scatterplot should resem-
ble a random point cloud. The results of the correlation anal-

ysis of �k values for subject 10, which are identical to those
from subjects 1–9, are shown in Fig. 3. The adjacent R-R
intervals are highly correlated, with a correlation coefficient of
0.96 (Fig. 3A). The plot of �k vs. �k � 1 for the LA model (Fig.
3B) has a persistently high correlation of 0.89. It is not
surprising that the LA model’s scatterplot closely resembles
the original R-R interval plot, inasmuch as this model estimates
the conditional intensity function (Eq. 12) as a simple, locally
constant function. The �k values from the RIG model (Fig. 3C)
also remain highly correlated, with a correlation coefficient of
0.70, despite improved KS plots relative to the LA model. For

Fig. 2. Kolmogorov-Smirnov (KS) plots of time-rescaled R-R
intervals (Eq. 13) derived from history-dependent inverse Gaussian
(HDIG, bold solid line), renewal inverse Gaussian (RIG, dashed
line), and local average (LA, dotted line) model fits for 4 subjects.
A proposed model was considered consistent with R-R interval data
if its KS plot fell entirely within 95% confidence bounds, defined
by parallel thin solid diagonal lines in A–D. A: best HDIG model
fit; KS plot of HDIG model fit entirely within 95% confidence
bounds. B: best improvement of an HDIG model fit relative to an
RIG model fit (dashed line). C: best RIG model fit. D: worst HDIG
model fit. KS plot of subject 3 resembled plots of subjects 4 (A) and
5 (B); KS plots of subjects 1, 6, 8, 9, and 10 resembled plot of
subject 7 (C).

Fig. 3. Scatter-plot analysis of time-rescaled R-R intervals for
subject 10. A: plot of R-Rk vs. R-Rk � 1 shows strong correlation
of 0.96. Correlation of time-rescaled R-R intervals, �k values,
was 0.89 for LA model (B), 0.70 for RIG model (C), and 0.05
for HDIG model (D). Inset: enlargement of scatter plot in D
showing strongly random structure in transformed times for
HDIG model and suggesting that they were uncorrelated.
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the HDIG model, however, the plot of �k vs. �k � 1 is an almost
perfect point cloud (Fig. 3D), with a correlation coefficient of
0.05.

To further assess the independence of the transformed in-
tervals from the HDIG model fits, we computed for each
subject the correlation function of the �k values for 60 lags to
evaluate the correlation structure beyond lag 1 (Fig. 4). The
largest values of the correlation function were the lag 4
correlation of 0.15 for subject 8, the lag 3 correlation of 0.09

for subject 4, the lag 4 correlation of 0.09 for subject 6, and the
lag 2 correlation of 0.09 for subject 1. The remaining correla-
tions for all 10 subjects were within the approximate 95%
confidence bounds for the null hypothesis of no correlation (8).
These results show that any nonzero correlations in the �k

values were small, consistent with the idea that, for each
subject, these transformed R-R intervals for the HDIG model
were approximately independent for all subjects. These results,
together with the KS distance and KS plot findings, suggest
that of the three models, the HDIG model best describes
original human heartbeat interval data for all the subjects.

Dynamic analysis of human heartbeat intervals. For each
subject, we used the HDIG model to analyze heart rate vari-
ability by computing instantaneous estimates of the mean R-R
interval (Eq. 9), heart rate (Eq. 11), R-R interval standard
deviation (Eq. 10), and heart rate standard deviation (Eq. 12)
for the entire study. The results of the entire heart rate and heart
rate variability analysis for subject 2 are shown in Fig. 5.

Our heart rate and heart rate variability indexes followed
almost instantaneously the changes in the heartbeat interval
series in Fig. 1. The estimated instantaneous heart rate for the
HDIG model (Fig. 5B) was more similar to the reciprocal of
the R-R intervals (Fig. 5A) across all rest and upright posture
periods. The instantaneous heart rate estimate obtained from
the RIG or LA model (Fig. 5C) were much smoother than the
HDIG estimates, even though all three models use the same
local likelihood interval of 60 s. We showed only the RIG
instantaneous heart rate estimate, inasmuch as the LA and RIG
model estimates are algebraically equivalent. This demon-
strates that computation of heart rate as the reciprocal of the
average of the R-R intervals in a given time period (LA model)
is equivalent to estimation in which heartbeat intervals are
represented as an RIG model.

The instantaneous R-R interval standard deviation (Fig. 5D)
and heart rate standard deviation (Fig. 5E) estimates showed

Fig. 5. Analysis of instantaneous heart rate and heart rate variability for
subject 2 for the entire tilt-table study. A: reciprocal R-R intervals. B: HDIG
model instantaneous heart rate (HR) series estimate. C: LA/RIG model
instantaneous heart rate series estimate. D: HDIG model instantaneous R-R
interval standard deviation (sd) estimate. E: HDIG instantaneous heart rate
standard deviation estimate. HDIG heart rate estimates closely resembled
reciprocal of R-R intervals. LA and RIG heart rate estimates were identical,
although these approaches differed in how they model the R-R interval series.
R-R interval and heart rate standard deviations show that there can be low and
high variability at rest and in upright posture. bpm, Beats per minute.

Fig. 4. Correlation functions of time-rescaled R-R intervals, �k values, from
HDIG model fit for lags 1–60 for subjects 1–10. Horizontal parallel lines are
approximate 95% confidence bounds computed as � 2�Kj)

1⁄2 (8), where Kj is
the number of R-R intervals for subject j, for j � 1,. . .,10. Correlations outside
these bounds were statistically significant. Except for large correlations for
subjects 1, 4, 6, and 8, correlations are within confidence bounds, suggesting
that �k values were approximately uncorrelated for each subject. This lack of
correlation was consistent with �k values being independent and suggested, by
the time-rescaling theorem, that the HDIG model agreed closely with the R-R
interval series of each subject.
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dynamics different from those shown by the instantaneous
heart rate estimates. The R-R interval standard deviation esti-
mate showed that the variation in R-R intervals can be high or
low at rest and in the upright posture. Similarly, the heart rate
standard deviation showed that the heart rate variance can also
be high or low at rest and in the upright posture. The heart rate
standard deviation showed finer fluctuations on a second-to-
second basis than the R-R interval standard deviation. Because
the instantaneous R-R standard deviation and the instantaneous
heart rate standard deviation are second-moment estimates,
they were, as expected, sensitive to sharp changes in the R-R
series length, such as occurred with an abrupt change due to a
very short or long interval from an ectopic beat (Fig. 5, D and
E). Whereas the effect of an ectopic beat on the instantaneous
heart rate estimate was short-lived, its effect on the R-R
interval and the heart rate standard deviations lasted for a
longer period. These results show that it is possible to accom-
pany an instantaneous estimate of heart rate with an instanta-
neous estimate of heart rate variability computed as instanta-
neous R-R interval or heart rate standard deviations.

A detailed summary of the subjects is given in supplemental
data for this article, which may be found at http://ajpheart.
physiology.org/cgi/content/full/00483.2003/DC1.

For each postural change, our four measures of heart rate
dynamics gave different pattern changes. To illustrate these,
we show the instantaneous mean R-R interval, instantaneous
heart rate, and instantaneous R-R interval and heart rate stan-
dard deviations from subjects 1, 4, and 5 during the 200 s
before and after a rapid tilt (Fig. 6A), a slow tilt (Fig. 6B), and
an upright position (Fig. 6C), respectively. Before all three
postural changes, all four measures were approximately con-
stant. At the start of the rapid tilt, the heart rate of subject 1
increased immediately and, after a small transient decline,
continued to increase, whereas the mean R-R interval de-
creased immediately and, after a small transient increase,
continued to decrease (Fig. 6A). With the rapid tilt, the R-R
interval and heart rate standard deviations increased and then
declined to near-constant values for the balance of the tilt.

Throughout the slow upward tilt, the heart rate of subject 4
progressively increased, whereas the mean R-R interval de-
creased (Fig. 6B). Paralleling the increase in heart rate and the
decrease in mean R-R interval, the R-R interval standard
deviation also decreased. As the tilt was executed, the heart
rate standard deviation did not decrease but showed more
fluctuations. During the upright posture, the subject’s heart rate
and mean R-R interval fluctuated with short paroxysms of
increases and decreases. With the gradual decrease in the tilt
angle, the subject’s heart rate decreased and his mean R-R
interval increased toward their pretilt levels. The increase in
the R-R interval standard deviation began in advance of the
downward tilt and continued upward for the balance of the rest
period, whereas the heart rate standard deviation initially began
its rise in advance of the downward tilt. However, with the
decrease in the tilt angle, the heart rate standard deviation
initially decreased.

When subject 5 stood upright, heart rate (mean R-R interval)
increased (decreased) rapidly and continued to fluctuate while
the subject was in the upright posture (Fig. 6C). In a manner
analogous to that observed for the rapid tilt (Fig. 6A), the R-R
interval standard deviation increased initially and then de-
clined. The heart rate standard deviation also rose very rapidly

when the subject stood upright and declined to a constant level
within 50 s. This pattern of dynamics in the heart rate standard
deviation closely resembled the pattern of changes in cardiac
output observed when a subject stands upright (46, 50).

Fig. 6. HDIG model analysis of heart rate and heart rate variability. A: 1st
rapid up-down tilt at 880–1,550 s from subject 1. B: 1st slow up-down tilt at
2,180–2,900 s from subject 4. C: 2nd upright standing-to-supine postural
change at 2,471–3,080 s from subject 5. 1, R-R intervals; 2, HDIG model
instantaneous heart rate series estimate; 3, HDIG model instantaneous R-R
interval standard deviation estimate; 4, HDIG instantaneous heart rate standard
deviation estimate. Vertical dashed lines demarcate onset and offset of postural
change. Double vertical lines in B demarcate transitions from horizontal
(vertical) to vertical (horizontal) for slow up-down tilt.
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For each of these three positional changes, the heart rate and
mean R-R interval returned to their values before the positional
change, yet the R-R interval standard deviations were above
their values before the positional change, suggesting that the
physiological states of the subjects after the positional changes
were different from those before the positional changes. A
summary analysis of all the subjects for the rapid tilts, slow
tilts, and upright-standing intervals is given in the supplemen-
tal data for this article (see above). The patterns shown here in
the dynamics of these four measures were also observed in the
other subjects (see supplemental data, Fig. S1).

Comparison with standard heart rate and heart rate vari-
ability indexes. We have focused on the use of our paradigm to
derive instantaneous measures of heart rate and heart rate
variability. Here we compare our indexes of heart rate vari-
ability with a standard time domain measure, the standard
deviation of the R-R intervals (SDNN). We also compared
estimates of the low-frequency (LF)-to-high-frequency (HF)
index (LF/HF) computed from our heart rate series with this
index computed from interpolated heart rate series (3). For
these analyses, we used, from each subject, 12 (6 rest and 6
upright) 120-s epochs of his/her heartbeat interval series. For
the value of each index during the rest (upright) period, the rest
(upright) average for the subject was computed in the 120-s
epoch and then averaged across the 10 subjects.

In the time domain analysis, the mean heart rate and mean
R-R interval computed by simple averages were identical to the
average values derived from our HDIG model (Table 2). In
particular, both showed the same magnitude of increase in
heart rate and decrease in R-R interval with rest compared with
upright posture. We computed the SDNN as the standard
deviation of the R-R interval series in each 120-s epoch (Table
2). On average, during rest, the SDNN was 57 ms and de-
creased to 49 ms in the upright posture, whereas our R-R
interval standard deviation was, on average, 37 ms and de-
creased to an average of 27 ms in the upright posture.

In the frequency domain analysis, we computed LF/HF as
the ratio of the spectral power of the heart rate series at
0.04–0.15 Hz (LF) to that at 0.15–0.4 Hz (HF). LF/HF for the
standard analysis was derived by spectral analysis of heart rate
time series computed by cubic spline interpolation and resam-
pling at 3 Hz (3). LF/HF for our heart rate series was derived
by spectral analysis of our series of mean heart rate. Because
our indexes were computed at 200 Hz, i.e., we updated our
local likelihood estimates every 5 ms, we downsampled each
one at 3 Hz for a more accurate, direct comparison.

Higher values of LF/HF (Table 2) were associated with the
upright epochs for the standard and new heart rate variability
indexes. This is consistent with an increase in the sympatho-
vagal balance. LF/HF computed from our new indexes in-
creased from 2.98 to 3.90, whereas the standard index in-
creased from 2.28 to 5.14 after posture change.

The reasons for these differences were apparent on examin-
ing the spectra from a rest and an upright period such as those
from subject 5 (Fig. 7). The spectra computed from the HDIG
heart rate estimates were significantly different from those

Table 2. Summary of standard and HDIG heart
rate variability measures

Standard HDIG

Rest Upright Rest Upright

RR, ms 925 766 928 770
HR, beats/min 66.76 79.64 66.64 79.39
RR SD, ms 57 49 37 27
LF/HF HR 2.28 5.14 2.98 3.90

Mean R-R interval (RR), mean heart rate (HR), mean R-R standard devia-
tion (RR SD), and low-frequency/high-frequency spectral power (LF/HF HR)
index computed by standard methods and the HDIG model. RR SD for
standard methods is SDNN (51). Spectral estimates are computed as described
elsewhere (3).

Fig. 7. Spectral analysis of rest (120 s before upright posture to start of upright
posture) and upright posture (60 s after upright posture to 180 s after upright
posture) segments from 1st slow tilt from subject 5. A–D: spectrum of rest
[0–0.5 Hz (A) and 0.5–1.5 Hz (B)] and upright posture [0–0.5 Hz (C) and
0.5–1.5 Hz (D)] segments of interpolated reciprocal R-R beat series (dashed
curve) and HDIG instantaneous heart rate estimates (solid curve). Low-
frequency (LF) range is 0.04–0.15 Hz, high-frequency (HF) range is 0.15–
0.40 Hz, and very-high-frequency (VHF) range is 0.5–1.5 Hz. At rest (upright),
low- to high-frequency ratio (LF/HF) was 1.26 (3.87) for interpolated heart
rate series and 0.87 (3.23) for HDIG heart rate series. E: KS plots comparing
spectral power distribution of HDIG heart rate estimate (x-axis) and interpo-
lated reciprocal R-R beat series (y-axis) for rest and tilt segments. Because both
KS plots fell outside 95% confidence bounds, the 2 spectra differ when the
subject is at rest and in the upright posture (21).
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computed from the interpolated series (Fig. 7, A and C), as
assessed by KS plot analysis (Fig. 7E). There are two reasons
for these differences. 1) The spectra computed from the HDIG
heart rate series had less power in LF and HF than the standard
spectra. During the rest epochs, LF/HF was close to 1 in both
cases (0.87 and 0.126, respectively). On the other hand, in the
upright posture, there was, for the HDIG and interpolated
series, an increase in LF power and a sharp decrease in HF
power (Fig. 7B). With change of posture, LF/HF for the HDIG
heart rate series and standard series, increased (3.23 and 3.87,
respectively). However, the lower LF power content of the
HDIG heart rate series led to a smaller increase in LF/HF than
in the standard series. Of the 120-KS plot analyses [10 subjects �
(6 rest � 6 tilt)] comparing spectra from standard interpolated
heart rate series and our HDIG heart rate series, 117 showed the
differences between the spectra to be statistically significant (P �
0.05). 2) The spectra of the HDIG heart rate time series had power
at frequencies higher than those seen in spectra computed from
the heart rate series after interpolation. The heart rate series
interpolated from the original heartbeat interval series can
contain no frequencies beyond the approximate cutoff fre-
quency defined by the mean R-R interval, i.e., �cutoff �
0.5(mean R-R)�1 (Fig. 7, B and D). For example, if the R-R
interval is 800 ms, then �cutoff � 0.62 Hz. In contrast, our
analysis framework represents the heartbeat interval series in
continuous time using point-process models; hence, it places
no restriction on the spectral content of the heartbeat interval
series.

These results suggest that summaries comparable to SDNN
and LF/HF analyses can be performed with heart rate series
derived from our HDIG model. These results, coupled with the
goodness-of-fit analyses, which demonstrated that our models
offer an accurate description of the stochastic structure in the
heartbeat interval series, suggest that the time domain summa-
ries and LF/HF derived from our methods may be a more
accurate description of these quantities.

DISCUSSION

To study heart rate and heart rate variability, we have
developed a statistical model of human heartbeat intervals built
on three statistical and physiological properties of these inter-
vals: 1) a description of the point-process nature of the R-R
intervals, 2) the dependence of the interval length on the recent
state of autonomic inputs to the SA node, and 3) the dynamic
character of these inputs. We represented these characteristics
using an HDIG model to describe the point-process structure of
R-R intervals and used local maximum likelihood to estimate
the model’s time-varying parameters. The inverse Gaussian
model describes the first passage to threshold of the membrane
voltages of the heart’s pacemaker cells, the model’s autore-
gressive structure describes the dependence of the R-R interval
lengths on the recent history of the autonomic inputs to the SA
node, and the model’s time-varying parameters capture the
dynamic character of these SA node inputs.

From the HDIG model, we derived an explicit probability
density for heart rate and formulated precise definitions for
mean R-R interval (Eq. 2), R-R interval standard deviation (Eq.
3), heart rate (Eq. 5), and heart rate standard deviation (Eq. 7),
as well as their interrelations. We propose the instantaneous
estimate of heart rate (Eq. 11) as the new definition of heart

rate and the instantaneous estimates of R-R interval standard
deviation (Eq. 10) and instantaneous heart rate standard devi-
ation (Eq. 12) as new estimates of heart rate variability. All
these measures of heartbeat dynamics are computed from the
same probability framework. This analysis, which to our
knowledge is the first report of instantaneous estimates of heart
rate standard deviation and instantaneous estimates of R-R
interval standard deviation to accompany instantaneous esti-
mates of heart rate, provides an approach to constructing the
type of dynamic algorithms for tracking heart rate variability
called for by the Task Force of the European Society of
Cardiology and the North American Society of Pacing and
Electrophysiology (51).

Our goodness-of-fit and model selection analysis showed
that an order 2 or 4 HDIG model and a local maximum-
likelihood interval of 60 s gave accurate descriptions of the
heartbeat interval series of 10 subjects in a tilt-table study
during multiple transitions between rest and tilt. Our analysis
showed that the HDIG model gave a substantially better fit than
the commonly used LA and RIG models. Although several
studies have found nonlinear dynamical characteristics in hu-
man heartbeat intervals, our analysis provides compelling ev-
idence that these data may be accurately described as a sto-
chastic process with nonstationary parameters during multiple
transitions between rest and extreme physiological conditions.

Time domain (51), frequency domain (1, 3, 6, 12, 44, 51),
dynamical systems (28, 29, 41, 49), and entropy methods (40)
for heart rate variability analysis have been previously re-
ported. Most of these methods must convert R-R interval data
to continuous-valued, evenly spaced measurements for analy-
sis by interpolating the R-R intervals or the reciprocal of the
R-R intervals. To apply the frequency domain methods appro-
priately, data must be collected under stationary conditions.
Because of the requirement for stationarity, it is more chal-
lenging to track changes in the temporal dynamics of heartbeat
intervals. The several methods designed to address nonstation-
arity apply time-varying methods to R-R interval (24, 30, 31,
36) or heart rate (4, 54) time series obtained by interpolating
the R-R interval or the reciprocal of the R-R interval series,
respectively. On the other hand, methods that do not interpolate
typically do not consider updates at temporal resolutions
smaller than two consecutive R-R intervals (5, 39, 56). These
methods include time-varying spectral analysis (4, 5, 30, 36),
wavelet analysis (31, 39, 54), complex demodulation (24), and
coarse-graining analysis (56).

Our approach, based on the point-process method for neural
spike train data analysis (2, 9, 10), begins an analysis with 1
min of data and computes instantaneous estimates of the heart
rate variability, because it can compute sequential updates at
any desired time resolution. The key feature of our model
construction that makes this computation possible is definition
of the point process in continuous time. Because nonstationar-
ity is a physiological property of the R-R interval series, we
model this feature as a stochastic process with time-varying
parameters. We obviate the need for interpolation, because our
heart rate probability model (Eq. 4) defines a precise probabi-
listic prescription for conversion of the point-process R-R
intervals to the continuous-valued functions for heart rate (Eq.
5) and heart rate standard deviation (Eq. 7) in continuous time.
Because we use local maximum-likelihood estimation to com-

H433A POINT-PROCESS MODEL OF HEARTBEAT INTERVALS

AJP-Heart Circ Physiol • VOL 288 • JANUARY 2005 • www.ajpheart.org



pute time-varying estimates, our analysis is equally valid for
stationary and nonstationary conditions.

Furthermore, because the conditional intensity function
gives a canonical characterization of a point process, we use
the estimated conditional intensity function to construct good-
ness-of-fit tests by the time-rescaling theorem. Our goodness-
of-fit tests allow us to compare different point-process models
of R-R intervals and to help select the width of the local
likelihood estimation interval as well as the order of the history
dependence. Although we have not systematically studied
other waiting models, analyses using log normal and gamma
renewal models gave results similar to those from the RIG
model. Although other methods give important characteriza-
tions of human heartbeat interval dynamics, our approach
models the R-wave events as point processes, reports an
overall goodness-of-fit assessment as a standard output, and
computes instantaneous mean R-R, R-R standard deviation,
mean heart rate, and heart rate standard deviation in one
framework.

Despite the apparent similarities between our R-R interval
model in Eq. 1 and a standard stationary autoregression model,
there are important differences. A stationary autoregressive
model of order p is typically a model of a continuous-valued
Gaussian process sampled at equally spaced time points (8).
Because the underlying process is assumed to be stationary, the
model coefficients and the error variance are constant in time.
In contrast to the Gaussian process in a stationary autoregres-
sive model, which is a continuous-valued process sampled in
discrete time, a point process is a discrete-valued process that
occurs in continuous time (9, 14). The autoregression for our
point-process model in Eq. 1 is constructed by assuming that
the R-R intervals obey an inverse Gaussian model and that the
mean of the current R-R interval can be expressed as a linear
function of the p previous R-R intervals. Because our autore-
gression is on the R-R intervals, the time points at which these
coefficients are computed are not evenly spaced. This type of
history dependence makes our model an extension of the class
of Wold point-process models (14). Moreover, our model is
assumed to be nonstationary; therefore, the autoregession co-
efficients (Eq. 8) and the process variance (Eq. 10) are time
varying.

Our analysis of the heartbeat interval series from the subjects
in the tilt-table study showed that the time courses of the mean
R-R intervals and the heart rate series follow the well-docu-
mented patterns of cardiovascular response to orthostatic stress
(7, 16, 25, 26, 46, 50). Together, the instantaneous heart rate,
instantaneous mean R-R interval, R-R standard deviation, and
heart rate standard deviation provided a different signature for
each of the three types of postural changes (Fig. 6; see Fig. S1
in supplemental data). The most interesting of these was the
transient increase in heart rate standard deviation when a
subject stood upright (Fig. 6; see Fig. S1 in supplemental data),
which closely resembles the pattern and time course of change
in cardiac output reported when a subject stood upright (46,
50). The standard indexes of heart rate variability, SDNN, and
LF/HF computed from our heart rate estimates differ from
those computed from reciprocal R-R interval series. This was
most evident in our analysis of LF/HF. Although our new
spectral estimates and the standard estimates appear similar
and both show the expected increase in LF/HF with tilt, the
distribution of their power was significantly different, in that

our new estimates had power beyond the standard cutoff
frequency.

Our methods suggest several new research directions and
applications. 1) Studies of our methods in other protocols are
needed to establish the physiological relevance of our new time
and frequency domain measures of heart rate dynamics. 2) Our
methods suggest new algorithms for simulating human heart-
beat intervals using our HDIG model and standard point-
process simulation methods (14) as well as a method for
identifying and replacing ectopic beats. 3) Our methods may
provide a means to characterize normal and pathological con-
ditions in terms of heart rate variability. These analyses could
be used to diagnose disease and follow its progression. 4) We
are studying the application of our algorithms to real-time
monitoring of fetal heart rate variability during antenatal and
intralabor studies, as well as real-time monitoring of patients in
the intensive care unit and in the operating room. 5) Studying
cardiovascular control by combining point-process filtering
(11, 15) algorithms with extensions of these methods to state-
space (45) representations of the autonomic nervous system
may help clarify the relation between stochastic and determin-
istic models of human heartbeat dynamics.

ACKNOWLEDGMENTS

We are grateful to Roger G. Mark and Thomas Heldt (Harvard-MIT
Division of Health Sciences and Technology) for kindly providing the tilt-table
data analyzed in this study.

Part of this research was performed while E. N. Brown was on sabbatical
at the Laboratory for Information and Decision Systems in the Department of
Electrical Engineering and Computer Science at MIT.

GRANTS

This study was supported in part by National Institutes of Health Grants
MH-59733, MH-61637, and DA-015644 and National Science Foundation
Grant IBN-0081458 to E. N. Brown and by the PASTEUR Educational
Program at Harvard Medical School and the Doris Duke Charitable Foundation
Clinical Research Fellowship Program to E. C. Matten.

REFERENCES

1. Akselrod S, Gordon D, Ubel FA, Shannon DC, Berger AC, and Cohen
RJ. Power spectrum analysis of heart rate fluctuation: a quantitative probe
of beat-to-beat cardiovascular control. Science 213: 220–222, 1981.

2. Barbieri R, Quirk MC, Frank LM, Wilson MA, and Brown EN.
Construction and analysis of non-Poisson stimulus-response models of
neural spiking activity. J Neurosci Methods 105: 25–37, 2001.

3. Barbieri R, Triedman JK, and Saul JP. Heart rate control and mechan-
ical cardiopulmonary coupling to assess central volume: a systems anal-
ysis. Am J Physiol Regul Integr Comp Physiol 283: R1210–R1220, 2002.

4. Barbieri R, Waldmann RA, Di Virgilio V, Triedman JK, Bianchi AM,
Cerutti S, and Saul JP. Continuous quantification of baroreflex and
respiratory control of heart rate by use of bivariate autoregressive tech-
niques. Ann Noninvasive Electrocardiol 1: 264–277, 1996.

5. Bianchi AM, Mainardi L, Petrucci E, Signorini MG, Mainardi M, and
Cerutti S. Time-variant power spectrum analysis for the detection of
transient episodes in HRV signal. IEEE Trans Biomed Eng 40: 136–144,
1993.

6. Bigger JT, Fleiss JL, Steinman RC, Rolnitzky LM, Kleiger RE, and
Rottman JN. Frequency domain measures of heart period variability and
mortality after myocardial infarction. Circulation 85: 164–171, 1992.

7. Borst C, Wieling W, van Brederode JF, Hond A, de Rijk LG, and
Dunning AJ. Mechanisms of initial heart rate response to postural change.
Am J Physiol Heart Circ Physiol 243: H676–H681, 1982.

8. Box GEP, Jenkins GM, and Reinsel GC. Time Series Analysis, Fore-
casting and Control (3rd ed.). Englewood Cliffs, NJ: Prentice-Hall, 1994.

9. Brown EN, Barbieri R, Eden UT, and Frank LM. Likelihood methods
for neural data analysis. In: Computational Neuroscience: A Comprehen-
sive Approach, edited by Feng J. London: Chapman & Hall/CRC, 2003.

H434 A POINT-PROCESS MODEL OF HEARTBEAT INTERVALS

AJP-Heart Circ Physiol • VOL 288 • JANUARY 2005 • www.ajpheart.org



10. Brown EN, Barbieri R, Ventura V, Kass RE, and Frank LM. The
time-rescaling theorem and its application to neural spike train data
analysis. Neural Comput 14: 325–346, 2002.

11. Brown EN, Nguyen DP, Frank LM, Wilson MA, and Solo V. An
analysis of neural receptive field plasticity by point process adaptive
filtering. Proc Natl Acad Sci USA 98: 12261–12266, 2001.

12. Cerutti S, Baselli G, Bianchi AM, Mainardi LT, Signorini MG, and
Malliani A. Cardiovascular variability signals: from signal processing to
modeling complex physiological interactions. Automedica 16: 45–69,
1994.

13. Chikara RS and Folks JL. The Inverse Gaussian Distribution: Theory,
Methodology, and Applications. New York: Dekker, 1989.

14. Daley D and Vere-Jones D. An Introduction to the Theory of Point
Process (2nd ed.). New York: Springer-Verlag, 2003.

15. Eden UT, Frank LM, Barbieri R, Solo V, and Brown EN. Dynamic
analysis of neural encoding by point process adaptive filtering. Neural
Comput 16: 971–998, 2004.

16. Ewing DJ, Hume L, Campbell IW, Murray A, Neilson JM, and Clarke
BF. Autonomic mechanisms in the initial heart rate response to standing.
J Appl Physiol 49: 809–814, 1980.

17. Ewing DJ, Neilson JM, and Travis P. New method for assessing cardiac
parasympathetic activity using 24-hour electrocardiograms. Br Heart J 52:
396–402, 1984.

18. Freeman R, Lirofonis V, Farquhar WB, and Risk M. Limb venous
compliance in patients with idiopathic orthostatic intolerance and postural
tachycardia. J Appl Physiol 93: 636–644, 2002.

19. Freeman R, Saul JP, Roberts MS, Berger RD, Broadbridge C, and
Cohen RJ. Spectral analysis of heart rate in diabetic autonomic neurop-
athy. Arch Neurol 48: 185–190, 1991.

20. Freeman RK. Problems with intrapartum fetal heart rate monitoring
interpretation and patient management. Obstet Gynecol 100: 813–826,
2002.

21. Fuller WA. Introduction to Statistical Time Series. New York: Wiley,
1976.

22. Guyton AC. Textbook of Medical Physiology (8th ed.). Philadelphia, PA:
Harcourt Brace, 1991.

23. Halliwill JR, Lawler LA, Eickhoff TJ, Joyner MJ, and Mulvagh SL.
Reflex responses to regional venous pooling during lower body negative
pressure in humans. J Appl Physiol 84: 454–458, 1998.

24. Hayano J, Taylor JA, Yamada A, Mukai S, Hori R, Asakawa T,
Yokoyama K, Watanabe Y, Takata K, and Fujinami T. Continuous
assessment of hemodynamic control by complex demodulation of cardio-
vascular variability. Am J Physiol Heart Circ Physiol 264: H1229–H1238,
1993.

25. Heldt T, Oefinger MB, Hoshiyama M, and Mark RG. Circulatory
response to passive and active changes in posture. Comput Cardiol 30:
263–266, 2003.

26. Heldt T, Shim EB, Kamm RD, and Mark RG. Computational modeling
of cardiovascular response to orthostatic stress. J Appl Physiol 92: 1239–
1254, 2002.

27. Hon EH and Lee ST. The fetal electrocardiogram. I. The electrocardio-
gram of the dying fetus. Am J Obstet Gynecol 87: 804–813, 1963.

28. Ivanov PC, Amaral LA, Goldberger AL, Havlin S, Rosenblum MG,
Struzik ZR, and Stanley HE. Multifractality in human heartbeat dynam-
ics. Nature 399: 461–465, 1999.

29. Ivanov PC, Rosenblum MG, Peng CK, Mietus J, Havlin S, Stanley
HE, and Goldberger AL. Scaling behaviour of heartbeat intervals ob-
tained by wavelet-based time-series analysis. Nature 383: 323–327, 1996.

30. Joho S, Asanoi H, Remah HA, Igawa A, Kameyama T, Nozawa T,
Umeno K, and Inoue H. Time-varying spectral analysis of heart rate and
left ventricular pressure variability during balloon coronary occlusion in
humans: a sympathoexcitatory response to myocardial ischemia. J Am
Coll Cardiol 34: 1924–1931, 1999.

31. Kimura Y, Okamura K, Watanabe T, Yaegashi N, Uehara S, and
Yajima A. Time-frequency analysis of fetal heartbeat fluctuation using
wavelet transform. Am J Physiol Heart Circ Physiol 275: H1993–H1999,
1998.

32. Kitney R, Byrne S, Edmonds ME, Watkins PJ, and Roberts VC. Heart
rate variability in the assessment of autonomic diabetic neuropathy.
Automedica 4: 155–167, 1982.

33. Kleiger RE, Miller JP, Bigger JT, and Moss AJ. Decreased heart rate
variability and its association with increased mortality after acute myo-
cardial infarction. Am J Cardiol 59: 256–262, 1987.

34. Loader C. Local Regression and Likelihood. New York: Springer, 1999.
35. Malik M, Farrell T, Cripps T, and Camm AJ. Heart rate variability in

relation to prognosis after myocardial infarction: selection of optimal
processing techniques. Eur Heart J 10: 1060–1074, 1989.

36. Novak V, Novak P, de Champlain J, Le Blanc AR, Martin R, and
Nadeau R. Influence of respiration on heart rate and blood pressure
fluctuations. J Appl Physiol 74: 617–626, 1993.

37. Ogata Y. Statistical models for earthquake occurrences and residual
analysis for point process. J Am Stat Assoc 83: 9–27, 1988.

38. Pagani M, Malfatto G, Pierini S, Casati R, Masu AM, Poli M, Guzzetti
S, Lombardi F, Cerutti S, and Malliani A. Spectral analysis of heart rate
variability in the assessment of autonomic diabetic neuropathy. J Auton
Nerv Syst 23: 143–153, 1988.

39. Pichot V, Gaspoz JM, Molliex S, Antoniadis A, Busso T, Roche F,
Costes F, Quintin L, Lacour JR, and Barthelemy JC. Wavelet trans-
form to quantify heart rate variability and to assess its instantaneous
changes. J Appl Physiol 86: 1081–1091, 1999.

40. Pincus SM and Goldberger AL. Physiological time-series analysis: what
does regularity quantify? Am J Physiol Heart Circ Physiol 266: H1643–
H1656, 1994.

41. Poon CS and Merrill CK. Decrease of cardiac chaos in congestive heart
failure. Nature 389: 492–495, 1997.

42. Risk MR, Sobh JF, Barbieri R, Armentano RL, Ramirez AJ, and Saul
JP. Variabilidad de las senales cardio-respiratorias. 2. Variabilidad a largo
plazo. Rev Arg Bioing 2: 39–45, 1996.

43. Ross SM. Introduction to Probability Models (6th ed.). San Diego, CA:
Academic, 1997.

44. Saul JP, Berger RD, Albrecht P, Stein SP, Chen MH, and Cohen RJ.
Transfer function analysis of the circulation: unique insights into cardio-
vascular regulation. Am J Physiol Heart Circ Physiol 261: H1231–H1245,
1991.

45. Smith AC and Brown EN. Estimating a state-space model from point
process observations. Neural Comput 15: 965–991, 2003.

46. Sprangers RL, Wesseling KH, Imholz AL, Imholz BP, and Wieling W.
Initial blood pressure fall on stand up and exercise explained by changes
in total peripheral resistance. J Appl Physiol 70: 523–530, 1991.

47. Stanley GB, Poolla K, and Siegel RA. Threshold modeling of autonomic
control of heart rate variability. IEEE Trans Biomed Eng 47: 1147–1153,
2000.

48. Stauss HM. Heart rate variability. Am J Physiol Regul Integr Comp
Physiol 285: R927–R931, 2003.

49. Sugihara G, Allan W, Sobel D, and Allan KD. Nonlinear control of
heart rate variability in human infants. Proc Natl Acad Sci USA 93:
2608–2613, 1996.

50. Tanaka H, Sjoberg BJ, and Thulesius O. Cardiac output and blood
pressure during active and passive standing. Clin Physiol 16: 157–170,
1996.

51. Task Force of the European Society of Cardiology and the North
American Society of Pacing and Electrophysiology. Heart rate variabil-
ity: standards of measurement, physiological interpretation and clinical
use. Circulation 93: 1043–1065, 1996.

52. Taylor JA, Hayano J, and Seals DR. Lesser vagal withdrawal during
isometric exercise with age. J Appl Physiol 79: 805–811, 1995.

53. Tibshirani R and Hastie T. Local likelihood estimation. J Am Stat Assoc
82: 559–567, 1987.

54. Toledo E, Gurevitz O, Hod H, Eldar M, and Akselrod S. Wavelet
analysis of instantaneous heart rate: a study of autonomic control during
thrombolysis. Am J Physiol Regul Integr Comp Physiol 284: R1079–
R1091, 2003.

55. Tuckwell HC. Introduction to Theoretical Neurobiology. Nonlinear and
Stochastic Theories. New York: Cambridge University Press, 1988, vol. 2.

56. Yamamoto Y and Hughson RL. Coarse graining spectral analysis: new
method for studying heart rate variability. J Appl Physiol 71: 1143–1150,
1991.

57. Zhang R, Behbehani K, Crandall CG, Zuckerman JH, and Levine
BD. Dynamic regulation of heart rate during acute hypotension: new
insight into baroreflex function. Am J Physiol Heart Circ Physiol 280:
H407–H419, 2001.

58. Zong W and Moody GB. WQRS-single-channel QRS detector based on
length transform [Online]. Physionet. http://www.physionet.org/physiotools/
wag/wqrs-1.htm [6 May 2003].

H435A POINT-PROCESS MODEL OF HEARTBEAT INTERVALS

AJP-Heart Circ Physiol • VOL 288 • JANUARY 2005 • www.ajpheart.org


